A SHARP LOWER BOUND FOR THE CANONICAL 
VOLUME OF 3-FOLDS OF GENERAL TYPE 



MENG CHEN 

Abstract. Let F be a smooth projective 3-fold of general type. 
Denote by , a rational number, the self- intersection of the canon- 
ical sheaf of any minimal model of V . One defines as the canon- 
ical volume of F. Assume > 2. We show that if ^ > i, which 
is a sharp lower bound. Then we classify those V with small vol- 
ume. We also give some new examples with pg = 2 which have 
maximal canonical stability index. Finally, we give an application 
to 4-folds of general type. 



1. Introduction 

To classify algebraic varieties is one of the main goals of algebraic ge- 
ometry. For a long time, we have been interested in classifying algebraic 
3-folds of general type which are, naturally, quite important objects for 
birationalists. The book [Hj edited by Corti and Reid explains some 
ways to understand the explicit structure of algebraic threefolds. One 
might have noted, however, that this is a very big topic and that even 
there is not any answer to lots of very elementary questions. 

Let y be a smooth 3-dimensional projective variety of general type. 
According to Mori's Minimal Model Program (see for instance a sample 
of references [TS t I2 H l27]). V has at least one minimal model X which 
is normal projective with only Q-factorial terminal singularities. De- 
note by := Kx, which is a positive rational number. Reid (the last 
section of [2Zj) first showed that all minimal models of V are in fact iso- 
morphic in codimension 1. One also knows the uniqueness of the Zariski 
decomposition for canonical bundles rriKv by Kawamata (see page 355 
of PH] and Proposition 4 in J7j). Therefore one can see that the canon- 
ical volume is uniquely determined by the birational equivalence 
class of V. is an important invariant and the value VoliV) := is 
referred to as the canonical volume of V . Obviously V has some other 
important birational invariants such as the geometric genus Pg{V) := 
AimH^iy^Vty), the irregularity qiV) := dimif^(y, Cy), the second ir- 
regularity h^{Ov) '■= dim {V, Ov) ■ These invariants determine the 
holomorphic Euler-Poincare characteristic 

X{Oy) ■.= l-q{V)+h\Oy)-p,{V). 
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A difficulty arises in the study of 3-folds of general type is that is 
only a rational number, rather than an integer. Furthermore it may 
be, in fact, very small. For example, among known ones by Fletcher- 
Reid (page 151 in 9J), Vol(V^) could be as small as Inspired by 
a series of lectures of Y.T. Siu, we consider the following very natural 
and interesting question. 

Question 1.1. What is the sharp lower bound of the volume among 
all minimal projective 3-folds of general type? 

Since several decades, it is a fact that the treatment of pluricanoni- 
cal maps is easier when is larger. Morever, the treatment of pluri- 
canonical maps is much easier when > 0. This is due to the fact 
that under this assumption there are no gaps, since a pluricanonical 
system |(m-|- V)K\ always contains the pluricanonical system \mK\ as 
a subsystem. From this point of view, the lower bound for becomes 
quite important. After the ffist manuscript of this paper was finished, 
we noted that Hajime Tsuji, Christopher D. Hacon and James Mcker- 
nan (23 E] announced the existence of an uniform lower bound of . 
In this paper, we are only able to answer Question II. II under the extra 
assumption pg > 2. We will see that the volume strongly affects the 
canonical stability index (see 11.21 below for the definition) of the given 
3-fold V. 

Definition 1.2. The canonical stability index riQiY) of any smooth 
projective variety Y of general type is defined to be the minimal integer 
no such that for all i > uq the i-th pluricanonical map is birational onto 
its image. For > 0, it is simply the smallest integer uq such that the 
no-th pluricanonical map is birational onto its image. 

1.3. Upper bound for nQ{V). Let y be a smooth 3-dimensional 
projective variety of general type. In [6^, the following was proved: 

(1) no(y) < 5 whenever Pg{V) > 4 and this bound is sharp; 

(2) rioiy) < 6 whenever PgiV) = 3 and this bound is sharp; 

(3) noiy) < 8 whenever Pg{V) = 2. 

Recently I was informed of separately by both Ezio Stagnaro and 
Christopher Hacon ^3] that the bound of no{V) in ll.3r 3) is also sharp. 
As being stated in Theorem I1.4r 2). more examples with pg = 2 and 
with maximal canonical stability index can be found if the canonical 
volume satisfies certain inequality. 

My main results are as follows. 

Theorem 1.4. Let V be a smooth 3-dimensional projective variety of 
general type. Assume PgiV) > 2. Then 

(1) > I and this bound is sharp. 

(2) If \ < K'-^ < ji, then Pg{V) = 2, no{V) = 8, V is canonically 
fibred by surfaces with {cl,pg) = (1,2), and the 7-canonical map of V 
is generically finite of degree 2. 
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The proof of the main theorem has interesting apphcations to the 
effect that we are able to classify some classes of 3-folds up to explicit 
structures. For instance, we have 

Theorem 1.5. Let V be a smooth 3- dimensional projective variety of 
general type. The following is true: 

(1) if Pgiy) > 3, then > 1 and this bound is sharp; 

(2) if Pgiy ) > 4, then > 2 and this bound is sharp; 

(3) if < \ and Pgiy) = 2, then V is canonically fibred by surfaces 
with cf — 1. In particular, g(V^) = and h^{Ov) < 1; 

(4) if < I and Pgiy) — 2>, then V is canonically fibred by curves 
of genus 2 over a birationally ruled surface and the 4-canonical map is 
generically finite of degree 2. 

(5) if < I and PgiV) = 4, then V is either a double cover over 
or canonically fibred by curves of genus 2 over a ruled surface. 

All the above statements have supporting examples. More detailed 
classification to those V with pg — 2 and 3 is given in section 2 and 
section 3. The method works for the case Pg < 1 for which we omit the 
effective result believing that it might be far from sharp. Instead we 
present effective results on 4-folds in the last section. 

Theorem 1.6. Let Y be a minimal (i.e. Ky being nef) projective 4-fold 
of general type with only canonical singularities. Assume Pg{Y) > 2 
and that Y is not canonically fibred by 3-folds of geometric genus 1. 
Then UoiY) < 24. Furthermore Ky >^ifYis not canonically fibred 
by any irrational pencil of 3-folds either. 

Notations 



the canonical volume of a 3-fold in question 
Pg the geometric genus 

q{V) the irregularity of V 

h^iOy) the second irregularity of a 3- fold V 

x{0) the Euler Poincare characteristic 

ic\,pg) invariants of a minimal surface of general type 

h g{B) the genus of a curve B 

—Q Q-linear equivalence 

= numerical equivalence 

~ linear equivalence 

$|z,| the rational map corresponding to the 

linear system \L\ 

the round up of a Q-divisor 
ipm the m-th pluricanonical map 

no(F) the canonical stability index of Y 

D\s the restriction of the divisor D to S 

\D\\s the restriction of the linear system \D\ to S 
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the m-th plurigenus of V 

the intersection number between a 

divisor D and curve C 

a smooth birational modification 

an induced fibration from ipi 

the movable part of \Kx'\ 

the fixed part of | Kx' \ 

a generic irreducible element of |M| 

contraction onto the minimal model 

a movable linear system on S 

a generic irreducible element of IG*! 

the intersection number 7r*{Kx) ■ C on X' 

a positive real number such that 

7r*(A'x)|5 — PC is pseudo effective 

the movable part of 

a generic irreducible element of | M2 1 

the divisor M2I52 ^2 



2. The case Pg{V) = 2 

2.1. Setting. Given a smooth projective 3-dimensional variety of gen- 
eral type with Pg{V) > 2, let us consider a minimal model as explained 
in the introduction. So we assume that X is a minimal model of V with 
at worst Q-factorial terminal singularities. We know Pg{X) — Pg{V). 
Take a birational modification tt : X' ^ X , which exists by Hironaka's 
theorem, STich that 

(i) X' is smooth; 

(ii) the movable part of \Kx'\ is base point free. 

(iii) 7r*{Kx) can be written as an effective Q-divisor with normal 

crossings. 

Denote by g the composition Lfi o n. So g : X' — > W C is 

a morphism. Let g : X' — > B — > W be the Stein factorization of g. 
So we have the following commutative diagram: 

X' — ^ B 

TT S 

X > w 

fl 

Write 

Kx' =Q n*{Kx) + E = M + Z, 

where M is the movable part of l-f^x'l) ^ the fixed part and E an 
effective Q-divisor which is a Q-sum of distinct exceptional divisors. 
Throughout we always mean Tr*{Kx) by Kx' — E. So, whenever we 



PmiV) 

D-C 

TT : X' ^ X 

f-X'^B 

M 

Z 

s 

\G\ 
C 

Mi 

S2 

L2 
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take the round up of m-K^lKx), we always have ''mn*{Kx)^ < niKx' 
for all positive number m. We may also write 

71* (Kx) =qM + E', 

where E' = Z — E is actually an effective Q-divisor. 

When dinnpi{X) = 2, we see that a general fiber of / is a smooth 
projective curve C of genus g > 2. When dim(/Pi(X) = 1, we may see 
from the subadditivity (1.7) in Mori's paper |E3 that a general fiber S 
of / is a smooth projective surface 5" of general type. The invariants 
of S are {cl,pg) = {cl{So),Pg{S)) where Sq is the minimal model of S 
and a : 5" — > Sq the contraction. 

We always mean a generic irreducible element S of \M\ by either 
a general member of \M\ whenever dimLpi{X) > 2 or, otherwise, a 
general fiber of /. 

Definition 2.2. By abuse of concepts, we will also define a generic 
irreducible element S of an arbitrary linear system \M\ on a general 
variety V in a. similar way. Assume that \M\ is movable. A generic 
irreducible element S is defined to be a generic irreducible component 
in a general member of |M|. So if \M\ is composed with a pencil (i.e. 
dim$|jvf|(^) = 1), S < M and M = tS for some integer t > 1. Clearly 
it may happen that sometimes S 7^ M. 

We need the following lemma in the proof. 

Lemma 2.3. Keep the same notation as above. Let X be a minimal 
3-fold of general type with at worst Q-factorial terminal singularities. 
Let n : X' X be the same modification as above. Suppose we are in 
the situation dimy9i(X) = 1. Let f : X' — > B be an induced fibration. 
Suppose g{B) > 0. Then X has another minimal model Y such that 
there is a fibration fy '■ Y — > B which is induced by the canonical 
pencil \Ky\. In particular, the movable part of \Ky\ is base point free. 
(Therefore, sometimes, we will replace XbyY and we simply study on 

y-) 

Proof. According to the MMP (see ^ Oil), we may take a rela- 
tively minimal model fy '■ Y — B of f such that Ky is fy-nef and that 
Y is Q-factorial with terminal singularities. According to Theorem 1.4 
of |2S1, LCy/B is nef. (This is a direct consequence of the well-known 
semi-positivity of higher direct image of dualizing sheaves by Fujita, 
Kawamata, Kollar, Nakayama and Viehweg.) Because g{B) > 0, Ky 
is nef. Thus F is a minimal model of X'. Take a common smooth 
birational modification X" over both X' and Y. We then have the 
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following commutative diagram: 

X" Y 



X' > B 

f 



We know that the movable part of Kx" is base point free. Because 
Pg{X") = Pg{Y) and ^ is a birational morphism, we see that the push 
forward of the movable part of l-ftTx"! onto Y is the movable part of 
\Ky\- We are done. □ 

2.4. A known theorem. In order to frequently apply it, we rephrase 
a very effective method (Theorem 2.2 in [0]) on how to estimate certain 
intersection numbers on X as follows: 

Let X be a minimal projective 3-fold of general type 
with only Q-factorial terminal singularities and assume 
Pg{^) ^ 2. Keep the same notations as in 12.11 Pick up 
a generic irreducible element S' of |M|. Suppose that, on 
the smooth surface S, there is a movable linear system 
|G| and set C to be a generic irreducible element of \G\. 
Denote ^ := {n*{Kx) ■ C)x> and 




if dim(^i(X) > 2 
otherwise. 



Assume 

• (i) there is a positive integer m such that the linear 
system 

\Ks^^{m-2y\Kx)\sA 
(of which the corresponding rational map is denoted by 
$) separates different generic irreducible elements of 
Namely, if C\ and are different generic irreducible 
elements of then $(Ci) ^ ^(Ca); 

• (ii) there is a rational number /3 > such that vr* (Kx)\s- 
(3C is numerically equivalent to an effective Q-divisor; 

• (iii) either the inequality 

ao := (^(m - 1 - 1 - hriKx)\s^ ■C)s>2 
P P 

or at least a := (m — 1 — ^ — > 1 holds (observe in 
fact that ao > a)- 

Then we have the inequality > 2g{C) — 2 + oq- 
Furthermore, of X is birational onto its image pro- 
vided either a > 2 or = 2 and C is non-hyperelliptic. 
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Remark 2.5. As far as the situation is involved, we don't have to 
verify the condition (i) in this paper since that was aheady done in jB] . 
The main reason is that we are treating the case with Pg{X) > 0. On 
how to take a /3 satisfying the assumption I2.4r ii). please refer to 12.81 
below. 

2.6. Base point freeness of \2K\. According to Bombieri [2], Reider 
|28j , Catanese-Ciliberto |3] and P. Francia [TTj (or directly referring to 
Theorem 3.1 in the survey article by Ciliberto [H]), the bicanonical sys- 
tem 12X1 of a minimal surface of general type with > is base point 
free. We will frequently apply this important result in the context. 

2.7. Numerical type of a surface of general type. Given a smooth 
projective surface S of general type, we denote by cr : 5" — > Sq the 
contraction onto the minimal model. For the need of our proof and 
according to the standard surface theory (see P and [2]), we classify 
S into the five numerical classes as follows: 

(1) S is of type (1, 1) if K^^ = 1 and Pg{S) = 1; 

(2) S is of type (1, 2) if K| = 1 and Pgls) = 2; 

(3) S is of type (2, 3) if K| = 2 and pg{S) = 3; 

(4) S is of type 2+ if K^^ > 2 but 5 is not of type (2, 3) (all surfaces 
with Pg >S fall into this type because of the Noether inequality: K"^ > 
2p —4); 

(5) S is of type (1, 0) if = 1 and Pg{S) = 0. 

Because PgiV) > 2, we see that Pg{S) > 0. So type (1,0) never 
happens under the assumption PgiV) > 2. 

2.8. How to take a suitable p? We keep the notations in both 12. ll 
and 1231 Assume PgiX) > 2, dim(pi{X) = 1 and b = g{B) = 0. Let 
S" be a general fiber of the induced fibration / : X' — > B. Denote by 
a : S — > Sq the contraction onto the minimal model. By section 4 
(at page 526 and page 527) of [6 , we may always choose a sequence of 
rational numbers /3o i-^ | with /3o < | such that 7r*{Kx)\s — f^o<^*{Kso) 
is numerically equivalent to an effective Q-divisor. So we may take a 
suitable /? accordingly: 

• If Pg{S) > and take G := 2a*{KsQ), we may choose 
/3 = |/?o; 

• If 5" is of type (1,2) and take G to be the movable part 
of \a*{KsQ)\, we may choose P = Po; 

• If is of type (2,3) and take G to be the movable part 
of \(T*{Kso)\, we may choose P = Po- 

Usually p can be larger whenever Pg{X) is larger. This is clear by 
virtue of the method in [H]. For example, if Pg{X) > 3, we can find a 
larger P as we will do in the next section. 
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2.9. Set up for the case Pg{V) = 2. From now on within this section, 
we assume Pg{V) = 2. Then i? is a smooth curve. Let S* be a general 
fiber of /. One may always write M = YltLi where all those S'^s are 
disjoint from each other and ai > Pg{V) — 1. So we have 

(2.1) = i7r*iKx)f = an:*{Kxf ■ S + -K^Kxf ■ E' . 

Assume h = g{B) = 0. We have p = 1 hj definition. On the other 
hand, we set the divisor G on as follows: 

^ _ fthe movable part C of \(r*{Kso)\, if S is of type (1, 2) or (2, 3) 
■~ \2a*{Kso), if S is of type 2+ or (1, 1). 

Also set 

e := {7r*{Kx)\s ■ G)s = (7r*(Kx) • G)x' = (Kx ■ 

which is independent of the modification tt by the intersection the- 
ory. All these settings are to prepare for estimating ^ by means of the 
technique 12.41 

2.10. The case b > 0. Recall the nefness of Kx- This case is simple 
since the movable part of \Kx\ is already base point free (see Lemma 
12.31 for a possible replacement of X). So one has 

n*{Kx)\s-^a*{Ks,) 

and ai > Pg{V) = 2. Thus we have 

> 2a*{KsoY > 2. 

Next we only have to study the case b = 0. 

2.11. The type 2~^. Because 7r*(Kx) is nef and big, the equation 
(2.1) in 12.91 gives > t(*{KxY ■ S. So the main point is to estimate 
Ti*{KxY ■ S. Bv 12.81 one may find a sequence of rational numbers 
/9 > with /3 — > ^ and {3 < \ such that t(*{Kx)\s — is numerically 
equivalent to an effective Q-divisor. Thus we have 

'K\Kxf-S>l3i. 

We are reduced to estimate the rational number ^. Let C be a generic 
irreducible element of We know that |G| is base point free. So 
C is a smooth curve with deg(i^'c) > 12. Note that C must be non- 
hyperelliptic since uq^S) < 3 by Bombieri P| and Reider j2H]- 

Take mi = 7. Then a = (mi — 1 — ^ — > 0. So ao > 0. Because 
in this case G is an even divisor by definition, we must have ao > 2. 
So Ogives ^ > 2. Thus we have i^i > |. 

2.12. The type (2,3). Let C be a generic irreducible element of \G\. 
Then C is a curve of genus 3 and = Kg = 2 (see pages 226-227 of 



A sharp lower bound for the canonical volume 



9 



PP). According to 12.81 we may take a rational number f3 ^ ^ such that 
'ir*{Kx)\s — PC is pseudo-effective. Thus C, > /5C^ > 1- So we have 

Kl,>7r*iKxy-S>P^>^. 

2.13. The type (1, 1). This situation has to be studied in an aherna- 
tive way. We have an induced fibration / : X' — > B. Because \Kx' \ is 
composed with a pencil, 6 = and f^uJx' is a line bundle in this case, 
we see that deg f^uix' > by the Riemann-Roch theorem. According to 
Bombieri 0, a surface S of type (1,1) has q{S) = 0. So E} f^,ujx' = 0. 
Applying Kollar's formulae (Proposition 7.6 at page 36 of (20]), one 
gets h'^{Ox) = h\f^ux') = and q{X) = 0. Thus x{Ox) = -1- By 
the plurigenus formula of Reid (see Chapter III of [^) and omitting 
the correction term, we have 

P2{X)>^K'^-3x{Ox)>3. 

This means P2{X) > 4 because Kx > 0. Let M2 be the movable part 
of |2i^'x'|- We consider the natural restriction map 7: 

H\X',M2) t/2 C H\S,M2\s) C H%S,2Ks), 

where U2 is the image of 7 as a C-subspace of H'^{S, M2\s)- Because 
h^{2Ks) = K'^ + x{Os) = 3, we see that 1 < dime U2 < 3. Denote by 
A2 the linear system corresponding to U2. We have dim A2 = dime U2 — 
1. 

Case 1. dime U2 = 3. 

Since A2 is a sub-system of |2i^'s|, we see that the restriction of (j)2,x' 
to S is exactly the bicanonical map of S. Because (p2,s is a generically 
finite morphism of degree 4, 02,x' is also a generically finite map of 
degree 4. (Here let me slightly explain the fact about 02,5" • As I have 
explained in 12. IH any minimal surface of general type with pg > 
has a base point free bicanonical system. It follows directly that the 
movable part of \2Ks\ defines a generically finite morphism of degree 
4. Suitable references might be P and j2j. ) 

Let 5*2 G IM2I be a general member. We can further remodify tt 
such that IM2I is base point free too. Then 5*2 is a smooth projective 
irreducible surface of general type. On the surface 5*2, denote L2 := 
5'2|s'2- -^2 is a nef and big divisor. We have 

27T*{Kx)\s,>S2\s,=L2. 

We consider the natural map 

i/°(X',52)^I72C//°(52,^2), 

where U2 is the image of 7'. Denote by A2 the linear system corre- 
sponding to U2. Because ip2 is a generically finite map of degree 4, we 



10 



M. Chen 



see that IL2I has a sub-system A2 which gives a generically finite map 
of degree 4. By direct calculation on the surface 5*2, we have 

Ll > 4(dimcA^- 1) > 4(P2W - 3) > 4. 

Therefore we have 

> III > -. 

X - g 2-2 

Case 2. dime U2 = 2. 

In this case, dim(p2{S) = 1 and dim(y92(X) = 2. We may further 
remodify tt such that IM2I is base point free. Taking the Stein factor- 
ization of ^2X^1 , we get a induced fibration /2 : X' — > B2 where B2 
is a surface. Let C be a general fiber of /2. We see that S is naturally 
fibred by curves with the same numerical type as C. On the surface 
5*, we have a free pencil A2 C \'2^Ks\ (here we mean the movable part 
of A2 has no base points). Let |Co| be the movable part of A2. Then 
h^{S,Co) = 2 because dime = 2 in this case. Because q{S) = 
([11121), we see that |Co| is a rational pencil. So a general member of 
I Co I is an irreducible curve with the same numerical type with C. 

Claim 2.14. Let S be a surface of type (1,1)- Suppose that there is 
an effective irreducible curve C on S such that C < a*{2KsQ) and 
h%S, C) = 2. Then C ■ a*{Ks,) > 2. 

Proof. We may assume that \C\ is base point free. Otherwise, we blow- 
up S at base points of |C| and consider the movable part. Denote Ci := 
a{C). Then h^{So,Ci) > 2. Suppose C-a*{Ks^) = 1. Then Ci-Ks, = 
1. Because Pa{Ci) > 2, we see that Cf > 0. From Ks^^Ksq — Ci) = 0, 
we get {Ks, - C^f < 0, i.e. Cf < 1. Thus Cf = 1 and Kg^ = Ci. 
This means Ks^ ~ Ci by virtue of 12 El , which is impossible because 
Pg{S) = l. So C-a*{Ks,)> 2 □ 

According to ClaimEHH we have (Co ■ a*{Ksa))s > 2. We also have 
i7r*iKx)-C)x' = in*iKx)\s-Co)s. 

According to 12.81 there is a rational number Po ^ \ such that 
7T*{Kx)\s - f3oa*{Ks^) is pseudo-effective. Thus {7c*{Kx)\s ■ Co)s > 
^a*{Ksa) ■ Co > 1. Now we study on the surface 5*2. We may write 

'S'2|S2 ~ = '^2C, 

1=1 

where the C'^s are fibers of /2 and 02 > P2{X) — 2 > 2. Noting that 
2^*(Kx)|s2 > -52152, we get 

4Ki > 2n*{Kxy ■ S2 = 2{n*{Kx)Ul 

>2{n*{Kx)\s,-C)s, 

= 2{n*{Kx)-C)x'>2. 
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So we still have > |- 
Case 3. dime f/2 = 1. 

In this case, dim (/J2(-^) = 1- Because Pg{X) > 0, we see that both 
ip2 and Lpi induce the same fibration / : X' — > B after taking the 
Stein factorization of them. So we may write 

i=l 

where the S[s are fibers of /, E2 is an effective Q-divisor, a'2 > P2{X) — 
1 > 3 and 5* is a surface of type (1,1). So we get 

2Ki > 3{ir*{Kx)\s)l > SPo^*{Kx)\s ■ (r*{Ks,) 
where |- 

Now we may apply 1231 to estimate 7r*{Kx)\s " '^*{^So)- We have 
p = 1 and set G := 2a*{Kso). ITHl allows us to take (3 = ^Pq. Note that 
a generic irreducible element C G \G\ on is a non-hyperelliptic curve 
(since we know uq^S) < 3 by Bombieri j2]) and deg{Kc) = 6. Because 
C is actually an even divisor on the surface S, the number ao in 12.41 
is a positive even number whenever / = m — 1 — - — 4>0 for some 
integer m. This means we have ao > 2 whenever / > 0. Now taking 
mi = 7, we may verify I > and so all assumptions in 12.41 are satisfied. 
Then El gives ^ := 7r*{Kx)\s ■ G > f . Take ma = 8. Then similarly 
we have ^ > |- We may check that this is the best bound we could 
get from this technique. Thus we have 7v*{Kx)\s ■ c"*(-f^So) — § ^^^1 so 

TV'S > 15 

Thus we have Kx > ||. 

2.15. The type (1,2). According to 12.81 we may take (3 ^ ^. From 
section 4 (page 527) of [H], we know > |. Take mi = 8. Then 
a = (mi - 1 - 1 - i)^ > 2. So Ogives ^ > |. Take ms = 9. Then 
a = (m2 — 2 — ^)(^ > 3. 12.41 gives 1^ > §• One may check that this is 
the best we could get. Thus we have 

K'x>7i*{Kxf-S>P^>^. 

We go on studying this case from the point of view of the canonical 
stability index. 

Claim 2.16. Under the situation \2.1,% noiy) = 8 if and only if ^ = |. 
In particular noiV) = 8 whenever < ^. 

Proof. If ^ > |, let us take m = 7. Then a = fm - 2 - 4)f > 2. ITl 
says that ifj is birational and ^ > f • So we get > j^. This means 
that no(F) = 8 implies C = I- 
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To the contrary, assume ^ = |, we want to show that noiV) = 8 and 
that the 7-canonical map is generically finite of degree 2. 
We consider the sub-system 

\Kx' + ^571* {KxP + S\C \7Kx'\- 

This system obviously separates different generic irreducible elements 
of \M\ because Kx' + '~57r*{Kx)^ + S > S and \S\ is composed with a 
rational pencil. By the Tankeev principle for birationality, it is suf- 
ficient to prove that iTi^x'Hs gives a birational map. Noting that 
57{'*{Kx) is nef and big, the Kawamata-Viehweg vanishing theorem 
( see [inillSlEn]) gives the surjective map 

H'>{X',Kx' + ^57r*{Kxy + S) 
— . H^S^Ks + ^bn^Kxris)- 

We are reduced to prove that \Ks + '~5it*{Kx)^\s\ gives a birational 
map. We still apply the Tankeev principle. Because 

Ks + ^57f*{Kxy\s >Ks + ^5n*{Kx)\s^, 

the linear system |i^r5-|-'~57r*(i^'x)~'|s'| separates different irreducible ele- 
ments of |G| where G is defined as in 12. 91 This is because '"57r*(i^x)~'|5 > 
and Ks > C and \C\ is composed with a rational pencil of curves. 
Note also here that q{S) = and C is a smooth curve of genus 2 (see 
page 225 of [T]). Now pick up a generic irreducible element C G By 
l2.8l or there is a rational number P ^ ^ and an effective Q-divisor 
H on S such that 

^7r*iKx)\s = C + H. 
By the vanishing theorem, we have the surjective map 

H%S, Ks + ^57r*iKx)\s - H^) H%C, D), 
where D := '~57i*{Kx)\s — C — H~^\c is a divisor on C. Noting that 

57i*iKx)\s -C-H^i5- ^)n*{Kx)\s 

and that C is nef on S, we have deg(D) > a and thus deg(D) > ao- 

Now if ^ = |, then deg(-D) > 2. This means \Kc + D\ is base point 
free. Noting that C is a curve of genus 2, \Kc + D\ gives a finite map 
of degree <2. Thus must be a generically finite map if it is not 
birational. 

Now we show that the 7-canonical map is not birational. Denote 
by Mj the movable part of |7irx'| and by the movable part of 
\Kx' + '~57r*{Kx)^ + S\. Apparently, one has 

M!,\s<M7\s<7n*{Kx)\s. 
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Because 7ti*{Kx)\s ■ C = y < 5, we have M^\s ■ C < A. On the 
other hand, we have My\s ■ C > deg{Kc + D) > 4. This means that 
deg{Kc + D) = A. It is obvious that 

where P is a point of C such that Oc{2P) = uc- Furthermore one sees 
that {i.77r* {Kx)j\s)\c ~ nP with n < 4. Because M7 < i.7n*{Kx)j, 
we must have n = 4 and Kc + D 4P. So \Kc + D\ must give a finite 
map of degree 2. So is ^97. □ 

Corollary 2.17. Assume PgiV) = 2. If < then V is of type 
(1,2) andrioiV) = 8. 

Proof This is clear bv virtue of lTTTIllTTniTT^ITTlllTT^ aTid lTTTn □ 

Corollary 2.18. Assume Pg{V) = 2. If < |, then V is canonically 
fibred by surfaces of type (1, 1) or (1,2). In particular, q{V) = and 
h\Ov) < 1. 

Proof This is clear by virtue of lTTTH ITTTI ITT^ ITTT^ and ITT^ 

Note that q{S) = if 5 is either of type (1, 2) or of type (1, 1) (by 
Bombieri j2]). So q{V) = by Kollar's formula. 

If S is of type (1,1), then f^ux' is a line bundle of positive degree 
because \Kx'\ is composed with a pencil and Pg{X) > 1. So one has, 
by Kollar's formula (Proposition 7.6 of pUj). 

h\Ov) = h\Ox) = h\BJ,LOx') + h%B,R\f,uJx') = 0. 

If 5" is of type (1,2), according to the result (the middle part) at 
page 524 of [G^, we have h'^{Ov) < 1- We are done. □ 

There is an example which shows that our estimation is sharp. 

Example 2.19. In 9J, Fletcher found a canonical 3-fold with = | 
and hypersurface Xiq C P(1, 1, 2, 3, 8). The example has 3 

terminal sing ularities of type 2 x |(1, -1, 1), 1 x i(l, -1, 1). This fits 
in with our argument above since this 3-fold has the canonical stability 
index 8, and the 7-canonical map is generically finite of degree 2. 

Remark 2.20. Probably there are more examples. It would be very 
interesting to find new examples with pg = 2 and Uq = 8. 

3. The case Pg{V) > 3 and the proof of Theorem 11.41 

Assume from now on that Pg{V) > 3. Set d := dimLpi{X). 

3.1. The case d = 3. In this {X) > 4. It is obvious that 

> 2. In fact, one has a general inequality > 2pg{X) — 6 which 
may be obtained by induction on the dimension ( see the main theorem 
in jni)- Anyway that is another kind of question. 
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3.2. The case d = 2. We have an induced fibration / : X' — > B 
from Lfi. By an easy subadditivity (1.7 in a general fibre C is a 
smooth curve of genus > 2. We have 'k*{Kx) = S + E' and then 

7r*{Kx)\s = S\s + E'\s. 

Because d = 2, S\s = where 02 > Pg{X) — 2 and that the equahty 
holds if and only \S\s\ is a rational pencil. Thus 

> n*{Kxy ■ S > a2n*{Kx) ■ C. 

We have p = 1 and may set /? = 02 > 1. Set G := C. We hope to 
run 12.41 In the proof of Case 2 of Theorem 3.1 at page 521 in B^, we 
have shown ^ > |. Take mi = 8. Then a = (mi — 1 — 1 — > 4. 

This gives > |- Similarly one may use induction to see ^ > for 
all k > 8. Taking limits, one gets ^ > 1. 

So when Pg{X) = 3, we have K'^ > 1. 

When pg{X) > 4, we have > 2. 

In fact, if g{C) > 3 and take m = 6, the technique 12.41 gives > 1. 
Whenever the equalities for hold above, one must have 1^ = 1. So 
we see that C must be a curve of genus 2, and that \S\s\ must be a 
rational pencil (by Riemann-Roch) and so that B is a. birationally ruled 
surface. 

3.3. The case d = I and b > 0. In this case, one has 7r*(Kx) = 
d2S + E' where 02 > Pg{X) > 3. Also one has it*{Kx) ~ cr*{Kso) 
because one may take a X such that the movable part of \Kx\ is base 
point free by Lemma ESI One apparently has Kx > 3. We are done. 

Now we see how to find a bigger P than those found in the last 
section. 

Lemma 3.4. Assume Pg{X) = p+ l>3, d=l and b = 0. Then one 
may take a rational number f3o ^ such that 7r*{Kx) — /9oC"*(-^So 
is pseudo-effective. 



Proof. Because \Kx\ is composed with a rational pencil and Pg{X) 
p + 1, one has 



Thus we have 



Ob{p) ^ f*^x' 



f 4p ^ r 4p+8 



X'/B J*'^X' ■ 

For any integer k, denote by the movable part of \kKx'\- Note 
that f*'^% 1^ is generated by global sections (see [121 HEl 1201 1211 1^ ) 
and so that any local section can be extended to a global one. On the 
other hand, \\po*{Ksi^\ is base point free and is exactly the movable 
part of 14^X5! by Bombieri P] or Reider [2H]- Applying Lemma 2.7 of 
[Zj, one has 

(4p + 8)7r*(Kx)U > > ^P<y\Ks,). 
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This means that there is an effective Q-divisor Eq such that 
(4p + 8)7r*iKx)\s =Q ^P<y*{Ks,) + E',. 

Thus 

T,*{Kx)\s^^cy\Ks,) + Eo 
p + 2 

where Eq = j^E'q is an effective Q-divisor. Set Oq := 4|3 + 8 and 
ho := 4p. 

Assume we have defined a„ and 6„. We describe a„+i and hn+i 
inductively such that /3o > One may assume from the beginning 

that a„7r*(i^x) supports on a divisor with normal crossings. Then the 
Kawamata-Viehweg vanishing theorem implies the surjective map 

H\Kx' + ^anTi\KxV + S)-^ H\S,Ks + ^anT:\KxV\s)- 
That means 

\Kx' + ^ar,'K*{KxV + S\\s = \Ks + ^a^7i\KxV\s\ 

D \Ks + bna*iKs,)\ 



D \ibn + l)a*{K^ 



So) 



Denote by M'^^_^_-^ the movable part of |(a„ + l)Kx' + S\. Applying 
Lemma 2.7 of [7j again, one has 

M',^^,\s>ib^ + l)a*iKs,). 

Re- modifying our original tt such that |M^^_,_]^| is base point free. In 
particular, M^^_,_^ is nef. According to \mKx\ gives a birational 
map whenever m > 6. Thus is big. 

Now the Kawamata-Viehweg vanishing theorem gives 

\Kx' + M'^^^, + S\\s = \Ks + M'^^_,,\s\ 

D \Ks + ibn + l)a*iKs,)\ 

D |(6„ + 2)a*(K5o)|. 

We may repeat the above procedure inductively. Denote by Ai^^_|_^ 
the movable part of \Kx' + M'^^^^_^ + S\. For the same reason, we may 
assume |M^^_,_J to be base point free. Inductively one has 

M'^^_,,\s>ib^ + t)a*iKs,). 
Applying the vanishing theorem once more, we have 

\Kx' + M',^^, + S\\s = \Ks + Mi^,\s\ 

D \Ks + {bn + t)a*{Ks,)\ 
D \ibn + t+l)a*iKs,)\. 

Take t = p. Noting that 

\Kx' + M',^^p + S\ C \{an+p+l)Kx'\ 
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and applying Lemma 2.7 of [7j again, one has 

Set a„+i := a„ + p + 1 and hn+i = bn + p. We have seen 

A direct calculation gives 

an = n{p + 1) + ao 
bn = np + bo. 

Take the limit with n +oo, one has /3o > We are done. □ 

3.5. The type 2+. We have > {pg{X) - l)7r*{Kxf ■ S by the 
equation (2.1). The main point is to estimate 7r*{KxY ■ S. We still 
set G = 2a*{Kso)- We have p > 2 by definition. Bv 13.41 one may find 
a rational number (3 = ^(3q ^ whenever Pg{X) = 3 (or | whenever 
Pg{^) > 4) such that Tr*^^^)!^ — f3G is pseudo-effective. Now we have 

C = n*iKx)\s ■G>PG^ = AKlP > 8(3. 

Thus we have > {pg{X) - 1)(3^. 

This gives > f if pg{X) = 3 and iT^ > f if pg{X) > 4. 

3.6. The type (2,3). Let C be a generic irreducible element of \G\. 
Then C is a curve of genus 3 as we know. It has been shown in 12.121 
that > 1. On the other hand, 13.41 tells that one may take a rational 
number /3 i— >■ | whenever Pg{X) = 3 (or | whenever Pg{X) > 4). 

Consider the case Pg{X) = 3. Take mi = 5 and we have p = 2. Then 
a = {nil ~ 1 ~ I ~ ^ 2. Then one has ^ > §• Take m2 = 5 again. 
One sees that a > 2. This means that Lp^ is birational. Take = 4. 
Then a = (4 — 1 — | — > 1. One has > §• It seems that this is the 
best one can get under the condition Pg{X) = 3. Thus > 2(3^ > 2. 

Whenever Pg{X) > 4, one has > 3. There might be better bound. 

3.7. The type (1,2). This is a continuation of 12.151 under the as- 
sumption Pg{X) > 3. We have got ^ > | in 12.151 because the proof for 
Pg{X) = 2 is automatically true for Pg{X) > 3. Recall that G is the 
movable part of \a*{Kso)\- We have p = 2 and /3 = /3o is near | bv 13.41 
Take m = 5. Then a = (5 — 1 — | — ^)^ > 1. This gives > |- Take 
m = 6. Then it gives > §• An induction step gives ^ > 1. 

Now if Pg{X) = 3, then > 2/3^ > |. 
Ifp,(X)=4, then > 3/5e > !• 

3.8. The type (1, 1). Comparing with 12.151 we have better situation 
because Pg{X) > 3. We keep the same notations and pace as in 12.131 

We still consider the natural restriction map 7: 

H%X', M2) [/2 C H%S, M2\s) C H^S, 2Ks), 
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where U2 is the image of 7 as a C-subspace of H^{S, M2I5). If Pg{X) = 
3, then a similar calculation to that in 12.131 gives = "2 and 

then the plurigenus formula of Reid gives P2{,X) > 7. If Pg{X) > 4, 
then x{.Ox) < -3 and P2{X) > 10. 

Case 1. dime U2 = 3. 

All those arguments may be copied from Case 1 of 12.131 We only 
write down the estimation. We have 

27r*{Kx)\s,>S2\s,=L2. 

By direct calculation on the surface 5*2, we have 

> 4(dimc 1) > 4(F2(^) - 3). 

Therefore we have 

Kl>hl>^iP2iX)-3). 

IfpgiX) = 3, then > 2. 
lipglx) > 4, then > |. 

Case 2. dime U2 = 2. 

We may copy the proof in Case 2 of 12.131 In this case, (f2 induces a 
fibration /2 : X' — > B2 with general fibre a smooth curve C. Lemma 
13.41 allows us to choose a rational number (3q ^ when Pg{X) = 3 (or 
I when Pg{X) > 4) such that 7i*{K)\s - l3oa*{Kso) is pseudo-effective. 
Thus 

{7r*{Kx) ■ C)x' = 7r*{Kx)\s ■ C > (3,a*{Ks,) ■C>2(3, 

where Claim 12.141 is applied once more to get the inequality. Recall 
that 5*2 is a general member of the movable part of |2Kx'|- We may 
write 

0.2 
i=l 

where the C[s are fibers of /2 and 02 > P2{X) — 2. Noting that 
27r*(Kx)U2 >'52U2, weget 

AK\ > 27c*{Kxf ■ S2 = 2{7r*{Kx)\s2)l 
>iP2~2){n*{Kx)\s2-C)s2 
= (P2 - 2){7r*{Kx) ■ C)x' > 2{P2 - 2)Po. 

If Pg{X) = 3, then > |. 
If pglx) > 4, then > 3. 

Case 3. dime U2 = 1. 

Similar to the proof in Case 3 of 12.1 3| we have 

2n*{Kx) = a'S + E' 
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where a' > P2{,X) — 1. So we get 

2Kl > (P2 - l)i7T*{Kx)\s)l > iP2 - l)/3o7r*(/rx)U " ^*(i^5o) 
where /?o | when Pg{X) = 3 (or | otherwise) by Lemma 

Now we have to estimate 7r*{Kx)\s- (^*{Kso). We have p = 2 and set 
G := 2a*{Kso) and (3 = |/3o. Let C be a generic irreducible element 
of \G\. Then C is non-hyperelliptic as we have seen and deg{Kc) = 6. 
Take nii = 6. Then a = (mi — 1 — | — > 0. The even divisor G 
gives CKo > 2. 12.41 gives 1^ > |- This might be the best that we get. 

We have > 1(^2 - 1)/?^- 

lipgiX) = 3, then > |. 

If Pg{X) > 4, then > |. We are done. 

Corollary 3.9. Let V be a smooth projective 3-fold of general type. 
Then 

(1) > 1 whenever pg{V) = 3; 

(2) >2 whenever pg{V) = 4. 

Proof This is clear by EIH US E31 EI3 ESI EH and EH □ 

3.10. Proof of Theorem Hm 

Proof ICTl ITTTl ITT^ irni ITTHl Corollary El and Example Eli im- 
ply Theorem II. 4f l). 

Corollarv 12 . 1 71 and Corollarv 13.91 implv Theorem II. 4f 2). □ 

3.11. Proof of Theorem IT31 

Proof. Corollary 13.91 gives the inequalities in (1) and (2). Examples 
13. 12| l!rT!^ shows that both the lower bounds are sharp. 
Theorem 11.51 (3) is due to Corollarv 12.181 

Theorem 11.51 (4) and (5) are due to ED through EHl D 

Example 3.12. Fletcher found an example in with = 1 and 
Pg{X) = 3. This example of canonical 3- fold is a hypersurface : 
X12 C P(l,l,l,2,6) with terminal singularities. This example has 
2 singularities of type |(1, — 1, 1). One may see that X is canonically 
fibred by curves of genus 2 and no{X) = 6. The 5-canonical map is 
generically finite of degree 2. 

Example 3.13. There is a trivial example of a 3- fold of general type 
with = 2 and Pg = 4. Take a double cover over with branch 
locus a smooth hypersurface of degree 12. Then one gets a smooth 
canonical 3-fold with = 2 and Pg = 4 and the canonical map is 
finite of degree 2 and nQ{X) = 5. 

4. An application to certain 4-folds 

4.1. Let y be a minimal normal projective 4-fold of general type with 
only canonical singularities. Assume Pg{Y) > 2. Pick up a sub-pencil 
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A C \Ky\ with dim A = 1. Take birational modifications vr : Y' — > Y 
like in 12. II such that the movable part of '/r*(A) is base point free. After 
taking the Stein factorization, we get an induced fibration / : Y' — > B 
where B is a. smooth curve. Denote by \M\ the movable part of 7r*(A) 
and by X a generic irreducible element of |M|. Naturally X would be 
a smooth projective 3-fold of general type by a weak subadditivity (see 
(1.7) in m- 

One might hope to know whether there are parallel results to in 
4-dimensional case. This is still open because of a pathological case. 
For example, take y to be a product X x C where X is a minimal 
3-fold of general type with Pg{X) = 1 and C a smooth curve of genus 
g > 2. One would see that one knows nothing to Y since little is known 
to X. So, here, we will exclude this case. 

4.2. Proof of Theorem ITTHl 

Proof. We consider the natural map 

H\Y\Ky') ^Uc H%X,Ky'\x) C H%X,Kx) 

where U is the image of 6. If dim$i^y(y) > 2, then dimc(^7) > 2 
and so Pg{X) > 2. If \Ky\ is composed with a pencil of 3-folds X, by 
the assumption of Theorem II. (i| we still have Pg{X) > 2. Therefore we 
have no (AT) < 8 according to jE]. 

1) Set 5f := $A ° TT. Then g : Y' — > is a surjective mor- 
phism. One sees that a general fiber of (? is a smooth projective 3- 
dimensional scheme with each component a 3-fold of general type. We 
apply KoUar's technique (120]) to study the canonical stability index. 
We have 

Cpi(l) ^ g^ujY' 

and so 

8 , . 24 

The standard semi-positivity says that ^r^cj^ypi is generated by global 
sections. This means that any local section of g^utyt/pi can be glued 
to a global section of g^^uj^,. On the other hand, one may apply the 
Kawamata-Viehweg vanishing theorem to see that \24Ky'\ may sepa- 
rate different generic irreducible elements of |M|. Thus the Tankeev 
principle gives no(F) < 24. 

2) We study the induced fibration / : Y' — > B which is the Stein 
factorization of g. We may write 

7r*(Ky) ^ M + E' = aiX + E' 

where E' is an effective Q-divisor and > b = g{C). 

The assumption implies 6 = 0. We first pick up a minimal model Xo 
of X and denote by cr : X — > Xq the "contraction" onto the minimal 
model. Denote by r the canonical index of Xq. Then, according to 
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the Base Point Free Theorem (see Chapter 3 in [IS]), |mrXxol is base 
point free for larger m. We have an inclusion 

r mr r 3mr 

J*u;y/ypi >■ J^,UJY' ■ 

Since f^cOyJ'/pi is generated by global sections and the movable part of 
\mrKx\ is mra*{Kx(,), Lemma 2.7 of gives 

3mr7v*{KY)\x > 'm.ra*{Kxo) 

for any larger m. Therefore we may find a rational number (3 ^ such 
that 7r*(A'y)|x — l3a*{Kxo) is pseudo-effective. Thus we get 

Kt > T^HKyf ■ X > —Kl > — 
by Theorem 11.41 We are done. □ 

Remark 4.3. If there is a sound relatively minimal model program 
like in 3-dimensional case, then a parallel Lemma to Lemma f2. 31 exists. 
So in the proof above we do not need to avoid the case b > 0. Then 
Theorem 11.61 can be strengthened to the following form: 

Let y be a minimal (i.e. Ky being nef) projective 4- 
fold of general type with only canonical singularities. 
Assume Pg{Y) > 2 and Y is not canonically fibred by 
3- folds of geometric genus 1. Then 

(1) no{Y) < 24; 

(2) K^y > ^. 
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